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Abstract

This paper presents a multistage random sampling fuzzy c-means based clustering algo-

rithm, which signi�cantly reduces the computation time required to partition a data set into

c classes. A series of subsets of the full data set are used for classi�cation in order to provide

an approximation to the �nal cluster centers. The quality of the �nal partitions is equivalent

to that of fuzzy c-means. The speed-up is normally a factor of 2-3 times, which is especially

signi�cant for high dimensional spaces and large data sets. Examples of the improved speed

of the algorithm in two multi-spectral domains, magnetic resonance image segmentation and

satellite image segmentation, are given. The results are compared with fuzzy c-means in

terms of both the time required and the �nal resulting partition. We show speed-up results

from the application of fuzzy clustering to fuzzy rule generation in the domain of magnetic

resonance imaging. Signi�cant speed-up is shown in each example presented in the paper.

Further, the convergence properties of fuzzy c-means are preserved.

Keywords: fuzzy cluster analysis, pattern recognition, expert systems.

1



1 Introduction

The fuzzy c-means (FCM) clustering algorithm has been extensively used for pattern recog-

nition and data clustering [1, 2, 3, 4]. It has also been used in the process of generating

fuzzy rules from data [5]. Due to (1) the iterative nature of the algorithm and (2) the large

number of feature vectors often involved in the calculations, it is a computationally intensive

process. We mitigate this time problem by reducing both the number of feature vectors used

in calculations as well as the number of iterations required to converge. The idea is to use

a small (representative) subset of the full data set to obtain an initial approximation of the

cluster centers, which can then be used for approximating cluster centers of the full data

set. This initial approximation helps to reduce the number of iterations needed to process

the full data set. This approach is distinct from the AFCM algorithm [6], which is really

an algorithm similar to FCM without the convergence properties of FCM. Our approach is

somewhat similar to a strategy which has been used to speed up the Hough transform by

creating the randomized Hough transform [7].

Our algorithm is based on the assumption that a small subset of a data set of feature

vectors can be used to approximate the cluster centers of the complete data set. Under this

assumption FCM is used to compute the cluster centers of an appropriate size (randomly

selected) subset of the full data set. After obtaining the cluster centers of this small sub-

set, the subset of data is merged with an additional small randomly selected subset of the

remaining unprocessed feature vectors to form a larger subset which is processed by FCM.

The previously calculated cluster centers are used for the initialization of the fuzzy partition

matrix of this newly formed set.

To increase the accuracy of the classi�cation results, the procedure outlined above is

repeated until the size of the feature vectors matrix used in calculations is large enough to
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approximate the \true" cluster centers of the full data set. The resulting cluster centers are

then used for the initialization of the fuzzy partition matrix which is used by FCM when it

is applied to the full data set. The result is faster convergence of the FCM algorithm, which

demonstrates that the main assumption holds true for the analyzed data sets.

This multistage process allows us to compute the cluster centers of a large set of feature

vectors in a shorter period of time, due to the reduction of the number of feature vectors used

in incremental calculations and the faster convergence of FCM (because it is provided with a

good initialization in the proceeding steps). We call this algorithm the Multistage Random

Sampling Fuzzy c-means Clustering Algorithm (mrFCM). To demonstrate the performance

of this algorithm, the results of applying this algorithm to several magnetic resonance (MR)

brain images and satellite images are presented. The results are compared to those obtained

with just FCM in terms of time and the �nal data partition. Further, we show that fuzzy

rules for classi�cation of MR images (MRI) of the brain can be e�ectively generated in

reduced time with the mrFCM approach and the rule generation framework given in [5]. An

initial version of this research appeared in [8].

2 Fuzzy c-Means

The Fuzzy c-Means algorithm [9] can be formulated as the following:

Minimize Jm(U;v) =
nX

k=1

cX
i=1

(uik)
m(dik)

2: (1)

subject to:
cX

j=1

uik = 1; 1 � i � n: (2)

uik � 0; 1 � i � n; 1 � j � c: (3)

Here, n is the total number of feature vectors and c is the number of cluster centers. The

exponent m > 1 is used to adjust the weighting e�ect of the membership value. Large m
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will increase the fuzziness of the function causing feature vectors with low membership to

contribute less. U is the fuzzy partition matrix, which contains the membership of each

feature vector for each cluster. The cluster center matrix is v, such that v = fv1, v2, v3,

: : : , vcg, where each vi is a cluster center of s features, vi 2 <s. X is the matrix of feature

vectors, where X = fx1;x2;x3; : : : ;xng, xi 2 <s. The cluster centers vi can be obtained

from the following:

vi =
nX

k=1

(uik)
mxk =

nX
k=1

(uik)
m for 8 i: (4)

The fuzzy membership matrix U can be obtained from the following:

uik = 1 =
cX

j=1

 
dik
djk

! 2
(m�1)

for dik = kxk � vik > 0; 8 i and k: (5)

if dik = 0 then uik = 1 and ujk = 0 for j 6= i: (6)

The cluster center matrix, v is randomly initialized and the fuzzy partition matrix, U ,

is created by using (5) for all feature vectors. The initialization of v is done by randomly

choosing a value for each feature of a cluster center (vij) within the range of values exhibited

by the feature in the data set. The stopping condition is set to be �.

The following is the outline of the algorithm:

Step-1 Initialize the cluster center matrix, v, by using a random number generator,

and record the cluster centers. Set k = 0.

Step-2 Initialize the fuzzy partition matrix, U (k=0) with, (5) and (6). m is set to be

2.0 in this work.

Step-3 Increment k = k + 1. Compute v by using (4).

Step-4 Compute U (k) by using functions (5) and (6).
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Step-5 If kU (k) � U (k�1)k < � then stop, else repeat Step-3 to Step-5.

3 Multistage Random Sampling FCM Algorithm

The Multistage Random Sampling FCM algorithm is divided into two phases, where Phase

I is a multistage iterative process of modi�ed FCM and Phase II is standard FCM with the

cluster centers initialized by the �nal cluster center values from Phase I.

There are four factors that must be determined prior to execution. First is the size of

the subsamples, which will be �% of the n samples in X and is denoted by X(�%). Second

is the number of stages, n. The �nal size of data set for mrFCM Phase I will be n � �%

samples denoted by X(n��%). The �nal two factors are the stopping condition for �rst stage

of mrFCM Phase I, �first stage and the stopping condition for the last stage of mrFCM Phase

I, �last stage. The following steps make up the algorithm.

Phase I

Randomly initialize the cluster center matrix, v.

Step-1 Select X(�%) from the set of feature vectors matrix. Set s = 1.

Step-2 Initialize the fuzzy partition matrix, U , by using equations (5) and (6) with X(s��%).

Step-3 Compute the stopping condition �sub = �first stage � s ? ((�first stage � �last stage)=n).

Step-4 Set k = 0.

Step-5 Set k = k + 1.

Step-6 Compute the cluster center matrix, v(s��%) by using function (4).

Step-7 Compute the U (k)
(s��%) by using equations (5) and (6).
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Step-8 If kU (k)
(s��%) � U

(k�1)
(s��%)k � �sub then go to Step-5

Else If s <= n then select another X�% and merge it with the existing X(s��%).

Set s = s+ 1.

Go to Step-2 of Phase-I.

Else begin Phase II.

Phase II

Step-1 Initialize the fuzzy partition matrix (U), by using the results from Phase I, v(n��)%,

with functions (5) and (6), for X, the full data set.

Step-2 Follow Step-3 to Step-5 in regular FCM, using the stopping condition of �last stage.

4 Experimental Comparisons

In this section, the computation time and segmentation results of regular FCM and the

proposed mrFCM are compared. We have processed 7 MRI images of the brain, which have

T1, T2, and Proton Density weighted features with the dimension of 256 x 256. We have also

processed 6 satellite images, each consisting of 6 bands, each with the dimension of 492w x

243h. All of these images were classi�ed into 10 classes. The classi�cations were not labeled,

since for this work we are neither interested in pathological [10] nor geological labeling, but

providing comparisons of computation time and segmentations of the two algorithms. Other

research has shown FCM to be useful in these domains [6, 10].

Since results of FCM are not identical under di�erent random initializations, each image

was processed by both FCM and the mrFCM 30 times to provide some statistical signi�cance.

For a single execution of a comparison of FCM and mrFCM, the cluster centers of FCM were

initialized randomly. These randomly generated cluster centers were then recorded and used
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to initialize the cluster centers of mrFCM Phase I for a fair comparison. As a result, both

FCM and mrFCM were initialized in exact same manner for a single comparison on a data

set.

In FCM, the stopping condition was � = 0:225, which has been used in [10], and the

�last stage of mrFCM was also 0.225. For both Brain images and Satellite images, 7 stages

each consisting of 4.5% increments of X�% were used in mrFCM Phase I. For Brain images,

�first stage was 0.275. In processing satellite images which have a larger number of feature

vectors,�first stage was relaxed to 0.35. The feature vectors included in the subsamples are

chosen randomly from the unordered set of feature vectors.

Table 1 contains the results of comparing FCM and mrFCM. The number of CPU clock

cycles and the sum of the di�erences in classi�cations of feature vectors are shown for each

image and algorithm. Means and standard deviations of the speedup factor are shown. The

speedup factor was determined by dividing the CPU execution time of FCM by the CPU

execution time of mrFCM for the same randomly initialized cluster centers. Furthermore,

means of the percentage di�erence in classi�cation and standard deviations of the percentage

di�erence in classi�cation are also indicated. The di�erence in classi�cation is the count of

the di�erences in cluster assignment of the defuzzi�ed membership matrix. Defuzzi�cation is

achieved by assigning a feature vector to the class in which it attains maximummembership.

Figure 1 shows an example of the segmentation of a MR brain slice image as it proceeds

through the mrFCM clustering steps. Class labeling is not done in the images. Each of

the images used in this research were clustered with 30 di�erent random initializations for

both FCM and mrFCM. Figure 2 shows an example of a satellite image clustered by both

FCM and mrFCM that has the smallest percentage di�erence in pixel classi�cation (top

row). There are essentially no visible di�erences. The bottom row of Figure 2 shows the
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Data FCM(t) mrFCM(t) Speedup factor Error

Mean STDV Mean STDV Mean STDV Mean STDV

p30+1 4532286 1279079 1912439 530856 2.51 0.91 1.80% 4.45%

p30-0 6823546 4924353 1870311 636385 3.72 2.47 2.93% 6.97%

p30-1 4670318 1408672 1769650 435095 2.73 0.83 3.73% 6.12%

p34+1 5549481 3063980 1522604 353354 3.72 2.12 1.57% 3.53%

p34-1 5390892 1457708 1984521 604725 2.85 0.87 3.56% 6.05%

RUN57 6149120 1427721 2074449 535426 3.12 0.91 4.50% 4.50%

RUN60 7219266 2467349 2333047 1179693 3.36 1.20 1.67% 4.38%

S0222 15054740 9012842 4544152 2037352 3.39 1.28 0.32% 0.21%

S2310 14866660 408562 5250125 1806999 3.10 1.13 3.68% 8.08%

S2320 13332785 6217989 5593447 2554582 2.74 1.56 4.10% 7.47%

S3156 14467565 5335534 5165028 3584959 3.20 1.16 2.11% 5.14%

S3210 16702728 4088884 5791509 1698861 3.06 1.01 3.35% 7.45%

S3325 14658192 4021448 4521423 1248905 3.34 0.88 0.20% 0.10%

Table 1: From p30+1 to RUN60 represent MRI brain images and S0222 to S3156 represent

six-band satellite images. Each images was clustered by both FCM and mrFCM into 10

classes with 30 random initializations.

8



satellite image for which the di�erence in the �nal segmentation with FCM and mrFCM

was maximal. The images are clearly di�erent, but visually similar. The pixel di�erences

appear to stem from the fact that we are overclustering and classes like cloud, water and

land get split into somewhat di�erent groupings. This makes the pixel di�erence large in

class comparison, but may leave the clustered images visually similar. In Figure 3, a brain

slice is shown with the minimal di�erence images displayed in the top row and the maximal

di�erence between FCM and mrFCM displayed in the bottom row. The di�erence images

are also displayed. Clearly, the top row images are nearly identical. In the bottom row,

there is quite a bit of di�erence between the images. However, the di�erences are primarily

in the way air is clustered, which is not of general interest in the segmentation of brain MR

images.
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Stage 0 Stage 1 Stage 2 Stage 3

Stage 4 Stage 5 Stage 6 Phase II

Figure 1: The images from the �nal iterations of each stage, from 0 to 6, of mrFCM Phase

I and Phase II for p30+1 on the 30th comparison execution.

FCM mrFCM Di�erent in classes

Figure 2: The resulting images have the least (top row) and the greatest (bottom row) %

di�erence in classi�cation for s3156 in both FCM and mrFCM.
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FCM mrFCM Di�erent in classes

Figure 3: The resulting images with the least and the greatest % di�erence in classi�cation

for p30-1 in both FCM and mrFCM.
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Data FCM(%) mrFCM(%)

p30+1 12.99 12.98

p30-0 15.41 13.23

p30-1 12.67 12.87

p34+1 7.20 7.19

p34-1 8.75 8.72

RUN57 11.81 10.81

RUN60 7.18 2.49

S0222 0.26 0.29

S2310 11.47 12.64

S2310 19.88 18.78

S3156 9.08 8.86

S3210 12.84 14.65

S3325 0.20 0.20

Table 2: The mean value of the percentage of the internal di�erences in the �nal partitions

produced by FCM and mrFCM over 30 trials. A common random initialization of the

algorithms is used in each trial.
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5 Variability of FCM and mrFCM

In the cases shown in Figures 3 and 4, there is signi�cant variation in the �nal clusterings or

partitions produced by FCM and mrFCM.The question is how much variation is there within

FCM itself over 30 random initializations? In Table 2, the average value of the variation

of the �nal partitions produced by FCM and mrfCM for each of 13 images clustered 30

times with a di�erent random initialization is shown. For a given image, the same random

initialization was given to both FCM and mrFCM with a total of 30 di�erent initializations

used, as before. It can be seen in Table 2, that there is signi�cant variation in the �nal

partitions for the results from FCM itself. The variation in �nal partition for mrFCM is

comparable to that of FCM as shown in Table 2.

Given the result that the �nal partition produced by FCM varies signi�cantly with ini-

tialization for the set of satellite and MR images of the brain that were processed, it is not

surprising that FCM and mrFCM di�er in their �nal partitions. The fact that given the same

initialization FCM and mrFCM vary is because in mrFCM the �nal full FCM iteration(s) is

begun after several iterations of FCM on subsamples. This means that the �nal clustering

process (Phase II) will most probably begin with a di�erent initialization than that given to

FCM.

6 Generating fuzzy rules with mrFCM

In [5] it was shown that fuzzy rules can be gotten from data with continuous features for

input and output with the use of a fuzzy clustering algorithm, FCM. In this section, we

show that mrFCM can be used to generate e�ective fuzzy rules in less time than FCM. The

mrFCM algorithm will be especially useful for data sets with a large number of features

and/or data points.
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It is necessary to determine the natural structure of unlabeled data in order to generate

good fuzzy rules. As in [5], we use

S(c) =
nX

k=1

cX
i=1

(um
ik(kxk � vik

2 � kvi � xk2) (7)

to determine the correct number of classes or clusters (c). For each c, the mrFCM clustering

algorithm is applied.

6.1 Rules from MR brain images

The images used in this study are all single slices from normal volunteers. They were acquired

with a fast spin echo technique. The same three features (T1-weighted, T2-weighted, and

proton density) are used. In creating rules to identify classes for magnetic resonance images

of the brain, we �rst strip the surrounding air by thresholding, i.e. removing all pixels near

0 in intensity values. This leaves approximately 20,000 pixels. Class labels are manually

applied to the resulting clusters. The only rules of interest are for gray matter, white matter

and cerebro-spinal uid. Skull tissues are unimportant to the problem of tissue volume

determination in which we are interested. The approach to generate the clusters from which

rule antecedents may be generated is shown below.

Step-1 Set number of clusters, c, to 2.

Step-2 Randomly initialize V .

Step-3 Compute mrFCM for X(c%), using 0.225 as �first stage and �last stage for only 1 stage

of X(c%) mrFCM Phase I and 0.225 as mrFCM Phase II.

Step-4 Compute S(c).

Step-5 If c = 2, set c = c+1, repeat Step-3 to Step-5.

If c > 2,
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if S(c) > S(c-1) then exit and set optimum number of clusters to c-1.

else set c = c+1, randomly initialize vc and repeat Step-3 to Step-5.

For each c the incremental set of data (pixels here) is increased to c% at each step. We

use a cap on the percentage (c%) of 15 for cases in which c gets very large. For normal slices

of the brain c is normally found to be 7.

Figure 4 shows the resulting antecedent fuzzy membership functions for the 3 tissues of

interest. The trapezoidal fuzzy sets were derived by projection and then a variant of least

squares �t to form the trapezoidal function. The rules match the regions found by FCM well.

There are only minor variations in the �nal classi�cation achieved by the rules when a crisp

classi�cation is done (by taking the class as the rule with the greatest conjuncted antecedent

membership using min or multiplication for conjunction [11]) and a hardened partition of

FCM. FCM has been evaluated as able to �nd excellent segmentations of normal MR brain

images [1].

Figure 5 shows that mrFCM is a little less than twice as fast as FCM on average, over

12 trials, in �nding clusters which may be turned into rules. Also shown is the amount of

variation in the results for mrFCM. The performance gains are less in the incremental case,

because FCM is getting reasonably good initializations for all c > 2.

7 Discussion and Summary

The mrFCM algorithm is based upon the assumption that a su�ciently large subset of of

feature vectors can be used to approximate the cluster centers of the entire set. The mrFCM

algorithm is shown to provide a signi�cant time savings when compared with FCM for two

di�erent imaging domains. It is shown to provide a faster way to create fuzzy rules from

large data sets.
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Figure 4: Antecedent fuzzy sets for rules on tissues of interest. Created after clustering.
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Figure 5: Rule creation speedup graph.
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The process of choosing the random subsamples at each stage of mrFCM is important to

the performance of the algorithm. Subsamples may be chosen randomly from an unordered

list in the case that no information is available, as done here. In the case of very small classes

random subsampling may not include any examples of a small class in initial steps. This

may have a negative e�ect on the speed-up, however accurate cluster centers for the larger

classes may still be found quickly. Another possible problem case is classes that are relatively

small and close together in feature space, hence di�cult to separate. The subsamples may

be chosen in feature space using information about expected class distribution. Subsample

feature vectors may be chosen from regions in feature space that are created in some manner.

For example, each feature could be partitioned into n equal size portions of the real line with

the endpoints set to the lowest and highest values observed in the n data points for that

feature. In general, it is possible that the random subsampling process might not include

enough examples from each class to enable good cluster centers to be found in the early

stages, thus reducing speedup. Clearly, any knowledge of expected cluster distribution that

can be added to the process of choosing subsamples is likely to improve the speedup by

enabling all cluster centers to be accurately estimated at early stages.

The mrFCM algorithm will not always converge to the same exact clustering or data

partition solution that FCM will. For a given data set both algorithms produce partitions

that will vary with chosen initializations. The internal variation of each algorithm is com-

parable. For example, on MR image p30+1 FCM with di�erent initializations converged to

partitions which di�ered by an average of 13%. The average internal di�erence in FCM is

comparable to that of mrFCM partitions with di�erent initializations (also 13% for p30+1).

The largest variation over 30 trials between the results of FCM and mrFCM, with the same

initialization, for a given image was 2%.
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There are several parameters that must be set to use mrFCM. We found that the incre-

mental percentage of data added at each step should be set to be between 4 and 5% on the

data sets used here. We found 7 stages to be e�ective in this work. A more relaxed stopping

criterion of between .275 and .35 was found to be acceptable in Phase I. The stopping criteria

needed to be reduced for the �nal clustering on a full data set. We found 0.225 acceptable

in this work.

In other applications it will be necessary to set the above parameters of mrFCM. The size

of the data set will a�ect the number of stages and amount of data used in the subsampling

process. If the number of patterns is larger than in our data sets, a slightly smaller percentage

of patterns might be used in the subsampling process. More stages would probably be

necessary only with very large data sets (maybe on the order of a million patterns). A slight

variation in the number of stages (between 5 and 8 from our empirical work) may be useful

for some applications. The stopping criterion may be lesser or greater, depending on the

domain in which clustering is done. However, in the vast majority of cases it should be

possible to use a higher (relaxed) stopping criterion for the early stages as done here. The

relaxed criterion will allow clustering to be done in less iterations, thereby providing more

speed-up.

The approach of using subsamples in the process of building a �nal data partition can

be applied to other iterative clustering algorithms, also. Further speedup could be gotten

from using approximate fuzzy c-means [2] in Phase I. Alternatively, a fast simple clustering

algorithm might be used in Phase I [9].

Finally, the mrFCM algorithm �nishes the work of clustering consistently faster than

FCM and has a �nal step which is just FCM initialized with its previous incremental results.

It provides quality clusterings or data partitions which are comparable to those obtained by
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FCM and in less time.
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